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Measuring the nematic order of suspensions of colloidal fd virus by x-ray diffraction
and optical birefringence
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The orientational distribution function of the nematic phase of suspensions of the semiflexible rodlike virus
fd is measured by x-ray diffraction as a function of concentration and ionic strength. X-ray diffraction from a
single-domain nematic phase of fd is influenced by interparticle correlations at low angle, while only intrapar-
ticle scatter contributes at high angle. Consequently, the angular distribution of the scattered intensity arises
from only the single-particle orientational distribution function at high angle but it also includes spatial and
orientational correlations at low angle. Experimental measurements of the orientational distribution function
from both the interparticle~structure factor! and intraparticle~form factor! scattering were made to test whether
the correlations present in interparticle scatter influence the measurement of the single-particle orientational
distribution function. It was found that the two types of scatter yield consistent values for the nematic order
parameter. It was also found that x-ray diffraction is insensitive to the orientational distribution function’s
precise form, and the measured angular intensity distribution is described equally well by both Onsager’s trial
function and a Gaussian. At high ionic strength, the order parameterSof the nematic phase coexisting with the
isotropic phase approaches theoretical predictions for long semiflexible rodsS50.55, but deviations from
theory increase with decreasing ionic strength. The concentration dependence of the nematic order parameter
also better agrees with theoretical predictions at high ionic strength indicating that electrostatic interactions
have a measurable effect on the nematic order parameter. The x-ray order parameters are shown to be propor-
tional to the measured birefringence, and the saturation birefringence of fd is determined enabling a simple,
inexpensive way to measure the order parameter. Additionally, the spatial ordering of nematic fd was probed.
Measurements of the nematic structure factor revealed a single large peak in contrast to nematics of rigid rods.
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I. INTRODUCTION

The role of repulsive interactions in determining the pha
behavior of colloidal rods was explained by Onsager in
seminal paper published in 1949@1#. Onsager developed
free-energy theory at the second virial level describing
phase transition of both hard and charged rods from an
tropic phase in which the particles are randomly oriented
nematic phase, in which the orientation of the particles
distributed about a preferred direction. All theoretical pred
tions for the properties of this phase transition, such as
coexistence concentrations and the nematic order param
depend on the functional form of the orientational distrib
tion of the rods in the nematic phase@1#. Onsager chose on
test function and in a later review paper Odijk showed t
qualitatively similar results for the properties of the pha
transition can be found by choosing a Gaussian test func
@2#. The exact form of the orientational distribution functio
that satisfies the Onsager theory can be obtained via s
expansion@3–5# or by direct iterative methods@6,7#. Deter-
mining the orientational distribution function of the nema
phase of a colloidal rod system is the most sensitive tes
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whether a system is described by Onsager’s theory.
In this paper, we measure the concentration and io

strength dependence of the orientational distribution funct
of fd virus via x-ray diffraction. The fd virus is a charge
semiflexible rod with a lengthL to diameterD ratio L/D
;130 and a length to persistence lengthp ratio of L/p
50.4. In the Onsager limit, the electrostatic charge on
rods can be taken into account theoretically by defining
effective diameterDeff , larger than the bare diameter, whic
is approximately equal to the distance between partic
when the interaction potential is aboutkBT. Details of the
effective diameter calculation are outlined in Refs.@1,8,9#.
An increase in ionic strength of the solution containing t
charged rods produces a decrease in effective diamete
Onsager’s theory, the limit of stability of the isotropic pha
is predicted to bepnDeffL

2/454, wheren is the number
density@4#. This is predicted to be valid for long rods with
length to effective diameter ratio greater than 100@10#. Pre-
vious measurements of the isotropic and nematic coexiste
concentrations of fd agree well with numerical results fro
Chen forL/p50.4 @8#. Theoretical models suggest that sem
flexibility acts to significantly lower the nematic order p
rameter at coexistence. For fd, a relatively rigid polym
with p/L equal to 2.5, the nematic order parameter at co
istence is predicted to beS50.55, which is significantly
©2003 The American Physical Society08-1
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smaller than that predicted for rigid rods,S50.79 @11#. Sev-
eral review articles describe in more detail the theoret
and experimental aspects of this and other systems desc
by Onsager’s theory and its extensions to treat flexibi
@2,10,12–18#.

In x-ray diffraction, the scattered intensity consists of tw
parts, intraparticle scatterF(qW ) and interparticle scatte
S(qW ). The intensity can be written as a product of the tw
types of scatter,

I ~qW !5NF~qW !S„qW , f ~qW !…, ~1!

whereqW 54p sin(Q/2)/l is the three-dimensional reciproc
vector in cylindrical coordinatesqW 5(qr ,qz ,f). Q is the
angle between the incident and reflected x-ray beams
wavelengthl. In a uniaxial nematic,qr is perpendicular to
the nematic director and the scattered intensity is indep
dent of the azimuthal anglef about the director. If the sys
tem is oriented such that the nematic director is in theẑ

direction, qW can be described byqW 5(qr ,qz). The intrapar-
ticle interference, or form factorF(qW ), contains information
about the structure of the individual particles.F(qW ) can also
be written aŝ f (qW )2&, wheref (qW ) is the Fourier transform o
the electron density of a particle and the average is ove
the particles and their orientations. The interparticle inter
ence, or structure factorS(qW ), contains information about th
positional and orientational correlations between partic
The structure factor depends on the positions of the cen
of gravity of two scatterersRW i ,RW j and their relative orienta
tions @19#:

S~qW !511
1

NF~qW !
K (

iÞ j

N

eiqW (RW i2RW j ) f i~qW ! f j~qW !L . ~2!

The orientation of the particles is included inf (qW ) and the
averagê •••& is over all particles and their orientations. F
scatterers of isotropic shape,f i(qW )5 f j (qW ) and the structure
factor and the form factor decouple, but for anisotropic sc
terers, f i(qW )Þ f j (qW ) unless the particle orientations are t
same. Therefore, in contrast to scatter from spheres,
structure factorS(qW ) of rods cannot, in general, be decoupl
from its anisotropic form factorF(qW ).

In a nematic system, however, there is no long ran
translational order. As a result,S(qW ) approaches unity in the
limit of high qW , and ifS(qW )51, the scattered intensity is du
only to the intraparticle interference diffraction andI (qW )
5F(qW ). In this regime, the angular distribution of the sca
tered intensity is a function only the single-particle orien
tional distribution function. Due to the crystalline intern
structure of viruses such as fd and tobacco mosaic v
~TMV !, x-ray diffraction produces a complex pattern of i
traparticle scatter at highqW which can be used to measure t
single-particle orientational distribution function of the v
ruses@20#.
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At low qW , the scattered intensity is dominated byS(qW ),
and the angular distribution of the interparticle interferen
scatter is influenced by the angular and spatial correlati
between neighboring rods. When intraparticle interferen
scattering is absent or too weak to interpret, as in thermo
pic liquid crystal systems@21#, or the system of lyotropic
vanadium pentoxide (V2O5) @18#, x-ray investigations of the
nematic orientational distribution rely on measuring the a
gular distribution from interparticle interference scatterin
In this case, one does not calculate the single-particle or
tational distribution function, but instead the coupled fluctu
tions of neighboring rods; this is predicted to overestim
the value of the nematic order parameter for highly orde
samples@21,22#.

In this paper, we explore the behavior of the nema
phase of fd virus investigating the concentration and io
strength dependence of the spatial and orientational orde
measured from both interparticle and intraparticle diffracti
data. We present measurements of the orientational orde
of the nematic phase in coexistence with the isotropic ph
as a function of ionic strength and compare the results w
the predictions for semiflexible rods. Previously, measu
ments of the orientational distribution function of a nema
phase have been made either from form factor scatter a
work done by Oldenbourget al.on TMV @20# and work done
by Grootet al.and Kassapidouet al.on persistence lengthe
DNA fragments@17,23# or from structure factor scatter as i
the work done by Davidsonet al. @18#. Using fd as our
model rod allows us to measure the orientational distribut
function from both intraparticle scattering and interpartic
interference scattering. This permits us to experimentally
solve the question of whether or not correlations betwe
angular and spatial order present in interparticle scatter
fluence the measurement of the order parameter. By mea
ing the birefringence of each sample, we also determined
saturation birefringence of fd. This permits measurement
the order parameter to be taken using birefringence meth
that involve much simpler and inexpensive techniques t
x-ray diffraction.

This paper is organized in the following manner. In Se
II, we describe the virus system and the experimental me
ods. In Sec. III, qualitative observations about the diffracti
data are made. This is followed by a description of the ana
sis technique used to extract the orientational distribut
function from the diffraction data in Sec. IV. Quantitativ
measurements of the nematic spatial ordering and orie
tional ordering are presented in Sec. V. This section inclu
first a section describing the measured spatial ordering
then sections presenting the measured orientational distr
tion function and the order parameter of the nematic susp
sions of fd. Section VI summarizes the significant results
this paper.

II. MATERIALS AND METHODS

The physical characteristics of the bacteriophage fd are
lengthL5880 nm, diameterD56.6 nm, persistence lengt
p52200 nm, and charge per unit length of around 10e2/nm
at pH 8.2 @15#. When in solution, fd exhibits isotropic, cho
8-2
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MEASURING THE NEMATIC ORDER OF SUSPENSIONS . . . PHYSICAL REVIEW E 67, 031708 ~2003!
lesteric, and smectic phases with increasing concentra
@24–27#. The fd virus was prepared using standard biologi
protocols found in Ref.@28# using the JM101 strain ofE. coli
as the host bacteria. The standard yield is;50 mg of fd per
liter of infected bacteria, and virus is typically grown
10–12 liter batches. The purified virus was extensively d
lyzed against a 20 mM tris-HCl buffer atpH 8.2 and the
ionic strength was adjusted by adding NaCl.

X-ray diffraction was done at the SAXS station on bea
line 8-ID at the Advanced Photon Source at Argonne N
tional Lab. The beam flux is 231010 photons/s for a
50350 mm beam with a photon energy of 7.664 KeV (l
51.617 Å). The samples were a suspension of mono
perse fd in the cholesteric phase, sealed in;0.7 mm diam-
eter quartz x-ray capillaries. Cholesteric samples were
wound and aligned in a 2 T permanent magnet~SAM-2
Hummingbird Instruments, Arlington, Massachusetts 024!
@29#, forming a single-domain nematic phase parallel to
long axis of the capillary and the magnetic field, which w
will call ẑ. The free-energy difference between the chol
teric and nematic phases is negligible, and the theory of
phase behavior of the isotropic to nematic transition can
applied equally well to the isotropic to cholesteric transiti
observed in fd@8#. The magnetic field does not have a si
nificant effect on the ordering of the nematic phase@30–32#.
Samples had to remain in the magnetic field for a minim
of 15 min at low concentrations and a maximum of abou
h at the highest concentrations. The strength of the magn
field limited the maximum concentration at which we cou
unwind the cholesteric phase into a monodomain nemati
about 100 mg/ml@27#.

To view the liquid crystal with a polarizing microscop
samples were placed in an index matching water bath
correct optical distortions produced by the cylindrical cap
lary. This was done while the samples were within the m
net in order to maintain the sample as a monodomain n
atic. Alignment of the nematic sample was checked with
polarizing microscope, and using a 3l Berek compensator
its optical retardance was measured. By measuring the o
cal retardanceR and the sample thickness within the cap
lary d, we can calculate the sample birefringenceDn
5R/d. Birefringence is measured because it is a simple w
to determine the nematic ordering of a sample as it is eq
to the nematic order parameterS times a constantDnsat in-
trinsic to the sample material@33#. In this system,Dnsat is the
saturation birefringence of perfectly aligned fd, the value
which we have measured and report in Sec. V.

The magnet and sample were then mounted in a vac
chamber such that the sample was in the beam line, and
magnetic field was perpendicular to the incoming beam.
observe the effect of charge on the nematic phase, sam
were prepared at different concentrations and ionic streng
The fd concentration was measured with a UV spectrom
by absorption at 269 nm with an absorption coefficient
3.84 cm2 mg21.

When the solutions of fd were exposed to x rays for e
tended time, disclination lines that matched the pattern tra
by the beam could be seen with a polarizing microsco
Since our samples were exposed for varied times, a serie
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x-ray diffraction patterns from the samples were collec
with increasing x-ray exposure time to quantify sample da
age and its effects on the scattering pattern. The polariz
microscope revealed sample changes after;6 s of exposure,
but the angular spread of the diffraction peaks was not
fected until exposure times increased above 10 s, at wh
point the angular interference peak scatter broadened sig
cantly. The effect of exposure for,10 s on the calculation
of the order parameter was not measurable. Data was
lected for the interparticle interference scatter by averag
ten 10 s exposures taken at different 50350 mm sections. To
observe the much less intense intraparticle scatter, the sa
was continuously moved through the 50350 mm beam al-
lowing for a total exposure of 120 s. A single long exposu
was used to image intraparticle scatter as it resulted in
noise than multiple short exposures because readout nois
the charge-coupled device~CCD! detector was higher than
the dark current. Readout noise and solvent scatter were
tracted from data images during analysis, but over theq
range that was analyzed, this background scatter was
uniform and could be approximated as a constant.

III. OBSERVATIONS

The two-dimensional scattered intensity of low angle
terparticle and high angle intraparticle interference peaks
shown in Fig. 1 for concentrations spanning the range o
which fd is nematic at 10 mM ionic strength. The angu
spread of both types of scatter broadens with decreasin
concentration or increasing ionic strength corresponding
an increase in disorientation of the rods. The low angle str
ture factor peak exhibits a typical ‘‘bowtie’’ pattern chara
teristic of interparticle interference, half of which is show
by the data in Fig. 1~a! ~the other half is symmetric about th
origin! @34#. The maximum of the scattering vectorqr of this
intense structure factor peak is inversely proportional to
average interparticle separation, and the radial width of
peak is inversely proportional to the correlation length of t
interacting rods. We note briefly that the observation o
structure factor peak in our system of fd and in other lyot
pic liquid crystal systems@18,20,23# contradicts theoretica
predictions by van der Schoot and co-workers which pred
that the angular dispersion of nematic rods should des
spatial order@35,36#. At larger scattering angle, the zero
and 6first fd layer lines are visible as shown in Fig. 1~b!.
These intraparticle peaks are much less intense than th
terparticle interference peaks and are the result of sin
particle scatter arising from the helical packing of the vi
proteins. The layer lines occur at intervals along theẑ direc-
tion proportional to the reciprocal of the axial repeat of t
helical protein coat, which is 33 Å@37#. Due to discrepancy
in both intensities and scattering angle between the inter
ticle and intraparticle scatter, we were unable to image b
the high and low angle scatter simultaneously.

Due to the short ranged positional order in the nema
phase, these intraparticle interference peaks should be i
pendent of interparticle correlations. We confirmed this h
pothesis by observing that the location of the peaks does
change with concentration as do the interparticle peaks.
8-3
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PURDY et al. PHYSICAL REVIEW E 67, 031708 ~2003!
also compared our data to published fiber diffraction res
for M13 @38,39#. M13 is also a filamentous bacteriophag
which differs from fd by only one amino acid per coat pr
tein: their structures are otherwise identical and virtually
distinguishable by x-ray fiber diffraction@40#. Upon compar-
ing published fiber diffraction data with our data fro
nematic fd, we observed that they were similar, but that
fiber diffraction patterns had Bragg peaks due to the hexa
nal packing of the virus in the fiber, which were absent in o
nematic diffraction data. We also noticed that the horizon
location of the single-particle peaks in the fiber diffracti
was 4% larger than the location of our solution diffracti
peaks indicating that the fiber diffraction was done on vi
that had a smaller diameter than those in our nem
samples. The fibers are partially dehydrated, so it is not
prising that they become compressed. The layer line spac
however, was not altered indicating that no stretching of
virus occurs in the fibers. From these observations, we c
cluded that the high angle scatter from the nematic fd w
independent of interparticle correlations. Detailed analysi
both the interparticle and intraparticle diffraction continu
in the following sections.

IV. ORIENTATIONAL ANALYSIS TECHNIQUE

Due to the short ranged positional order of the nema
phase, the high angle scattered intensity should be inde

FIG. 1. Contour plots of scattering as a function of scatter

vector qW (Å 21) from nematic fd due to~a! interparticle scatter
and ~b! intraparticle scatter; the zeroth and6 first layer lines are
shown in~b!. The interparticle scatter shown in~a! is hidden behind
the beamstop in~b! which is located on the left side of the image
From top to bottom, the concentration of the samples are 93 mg
33 mg/ml, and 15.5 mg/ml. Samples shown are at an ionic stre
of 10 mM ~20 mM tris buffer! andpH 8.2. The magnetic field and
virus orientation are perpendicular to the scatter as shown in
schematic.C is the angle from the equator on the detector fil
Note the scales are different in~a! and ~b!.
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dent of interparticle correlationsS(qr ,qz)51. We have
demonstrated above that this is true for fd. In this case,
intraparticle scattered intensity of a system of rods is rela
to the orientation of those rods in the following mann
@20,41#:

I ~qr ,qz!5^I s~qr ,qz!&5E F~V!I s~qr@V#,qz@V#!dV,

~3!

whereV is the solid angle (u,f) a rod makes with respect t
the nematic directoru and azimuthally with respect to th
incident beamf. Since fd is axially symmetric,F(V) sim-
plifies to F(u). I s(qr ,qz) is the axially symmetric three
dimensional form factorf (qW )2 of a single rod.F(u) is the
orientational distribution function~ODF! of the rods. Since
the form of the ODF is not known exactly, three test fun
tions were used,

F~u!55 A expS 2
u2

2a2D ~0<u<p/2!

A expS 2
~p2u!2

2a2 D ~p/2<u<p!,

~4!

F~u!5A expS 2
~sinu!2

2a2 D ~0<u<p!, ~5!

F~u!5
a cosh~a cosu!

4p sinha
~0<u<p!, ~6!

wherea sets the width of each of the peaked functions, a
A is the normalization constant such that*F(u)sin(u)dudf
51. Equation~6! is normalized. The first ODF is the Gaus
ian used by Odijk@2#, the second is the function used b
Oldenbourget al. @20# in their study of diffraction from nem-
atic TMV, and the third was defined by Onsager. The sec
moment of the orientational distribution function, or th
nematic order parameter

S52pE
0

pS 3

2
cos2~u!2

1

2DF~u!d cos~u! ~7!

was determined for the orientational distribution functio
which best described the diffraction patterns.

The scatter from intraparticle interference was analyz
by comparing it to a simulated scatter created from
evaluation of Eq.~3! using a three-dimensional model for th
single rod form factor and a trial ODF. Previously, Olde
bourg et al. measured the ODF from the intraparticle inte
ference scatter of TMV by simplifying Eq.~3! to a one-
dimensional integral at a constantqr @20#. This one-
dimensional method could not be used for intraparticle
scatter because fd has a protein coat with a pitch much la
than that of TMV, 33 Å versus 23 Å, respectively, resultin
in layer line overlap at low concentrations. Instead, the rad
intensity distribution of single rod was modeled by@41#

g
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th
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I s~qr ,qz!5I m~qr ,qz!A2paqr . ~8!

I m are the scattered intensities along the middle of the ze
and 6 first layer lines of our most aligned nematic samp
S50.96 and Gaussiana50.11 as determined by the inte
particle interference peak. The intraparticle interferen
data that fell on the detector in the range ofqr
50.19–0.33 Å21, which encompasses the lowestqr peak on
each of the three layer lines visible in the interference p
tern, was fitted to the model diffraction images. For ea
diffraction pattern, ana was found for each trial distribution
function that minimized a computedx-squared value,

x25(
i

@~ I datai
2B!1CImodeli

#2, ~9!

where B and C are fitting parameters andi sums over the
pixels in the scattered image.B was calculated once for eac
scattered image, and was not adjusted when comparing
ferent ODF’s. For more details of the model and analysis
the intraparticle diffraction images, refer to Appendix A.

To measure the orientational distribution function fro
the interparticle peak, the method of Oldenbourget al. was
used because the scatter consists of only one peak. In
method, Eq.~3! simplifies to a one-dimensional integral
constantqr . This method is identical to that frequently use
for analyzing thermotropic interparticle scatter, with the e
ception that Oldenbourg’s method approximates the sin
rod scattering,I s(V), as being proportional to 1/sin(v) for
smallu. In this equation,v is the angle between the rod an
the incident beam. This is in contrast to other analysis d
on interparticle interference, in whichI s(V)51 @21,22,42#.
The 1/sin(v) proportionality attempts to include finite size o
the rod into the calculation of the ODF. For more deta
refer to Appendix A.

V. EXPERIMENTAL RESULTS AND DISCUSSION

A. Nematic spatial ordering

The location of the maximumqm of the first interference
peak and its radial widthDqm were measured along th
equatorqz50 in order to obtain information about the spat
ordering of the system. Since we are only analyzing d
along the equator, these properties can be determined b
viding the equatorial form factorF(qr ,0) from the scattered
intensity peaksI (qr ,0) and then by fitting the remainin
structure factor peakS(qr ,0) to a GaussianS(qr ,0)
5e2(qm2qr )

2/2(Dqm)2
as done in Ref.@43#. I (qr ,0) and

S(qr ,0) are shown in Fig. 2 for three different sample
The equatorial form factor scatter was approximated by
Fourier transform of the known equatorial projection of t
cylindrically averaged electron density of fd@44#. The elec-
tron density was approximated by binning the radial elect
density into ten sections as illustrated in the inset of F
2~a!. The location of the equatorial peaks produced by
Fourier transform of the electron density agree with
equatorial form factor data obtained at higher angle, but
increase inS(qr ,0) at highqr shown in Fig. 2 indicates tha
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this approximation is only qualitatively correct at highqr and
that the presence of background noise in the interpart
diffraction data hides any highqr form factor information. At
high concentrations, the scattered intensity is much stron
than the readout noise and as a result we are able to ana
the structure factor data to higherqr than at low concentra-
tions.

The qm and Dqm measured are plotted as a function
concentration for two different ionic strengths in Fig. 3~a!.
With increasing concentrationc, the average rod separatio
decreases asc21/2 (qm}c1/2) as expected for both isotropi
and nematic suspensions of rods@19,23#. At a given concen-
tration, the rod separation remains constant and the varia
increases with decreasing ionic strength. The electrostatic
pulsion present between the rods causes the rods to mai
the maximum separation possible, but a smaller effective
ameter at high ionic strength allows for more fluctuation
The number of rods per correlation lengthqm /Dqm is plotted
as a function of concentration in Fig. 3~b!. The concentration
dependence ofqm /Dqm is much more significant at 10 mM
ionic strength, than at 110 mM, indicating that at high ion
strength, the rods are less correlated.

It is interesting to note that the second interference pea
much weaker than the first interference peak indicating
large Debye-Waller factor. This is in contrast to charged
spherical and 2D disk systems which show a much stron
second, and even a third interference peak@45,46#. The struc-
ture factor of nematic fd also contrasts that of nematic e
to-end aggregated TMV, a very rigid rod, which has a str
ture factor closely resembling that of the 2D disk syste
@43#. One way to interpret the large and sharp first peak
the structure factor of fd is that flexible nematic rods ha
long range spatial correlations similar to a dense fluid
disks. However, the near absence of secondary peaks in
structure factor implies that fd particles have a greater deg
of positional disorder about their average position than
disks. Perhaps, the flexibility of fd accounts for this drama
difference in spatial organization.

FIG. 2. ~a! Equatorial intensity profileI (qr) and ~b! equatorial
structure factorS(qr) for three representative samples at 10 m
ionic strength andpH 8.2. The smaller inset graph is the binne
cylindrically averaged electron densityr used to calculate the equa
torial form factor shown as a dashed line. The deviation of
structure factor from one at highqr is due to both background nois
in I (qr), which hides the actual form factor, and a loss of accura
in the model form factor at highqr .
8-5
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B. Determining the nematic orientational distribution function

By examining thex2 values obtained from orientationa
analysis~Sec. IV! of the interparticle and intraparticle sca
ter, and the residues (Idata-I f i t) from the interparticle scatte
orientational analysis, we determined that analysis of x-
diffraction data does not yield a unique orientational dis
bution function. The Gaussian and the Onsager distribu
function each fit the intensity data equally well when co
paring residues andx2 values from each of the two func
tions. However, we were able to eliminate Oldenbourg’s d
tribution function from the possible ODF forms because
did not accurately model the tails of the diffraction data
low concentration. This insensitivity of x-ray diffraction t
the exact form of the ODF was predicted by Hamley w
showed that x-ray patterns are insensitive to higher-or
terms in the spherical harmonic expansion of the orien
tional distribution function and therefore only an approxim
tion to the full orientational distribution function can b
found @47#.

To demonstrate this assertion, the scattered interpar
intensity at a constant radius ofqr50.0760.001 Å21 is

FIG. 3. ~a! The concentration dependence of the maximumqm

of the interparticle interference peak. The average rod separati
a distance of 2p/qm Å. The equation of the curve fitted to th
combined data sets isqm50.004c1/2. The inset graph shows con
centration dependance of the variance of the interference p
Dqm . ~b! The concentration dependance ofqm /Dqm , the number
of rods per correlation length. Squares (h) are at 10 mM and
triangles (.) are at 110 mM ionic strength andpH 8.2.
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plotted in Fig. 4~a! with the best-fit model intensities for eac
of the three ODFs.C is the angle from the equator on th
detector film as illustrated in Fig. 1~a!. The actual best-fit
orientational distribution functions calculated from these
terparticle angular scans are shown in Fig. 5. The resid
calculated from the interparticle and intraparticle interferen
results for the three samples are illustrated in Figs. 4~b! and
6~c!, respectively. The intraparticle scatter residues sho
are for the scattered intensity shown in Fig. 6~a! minus the
model images shown in Fig. 6~b! created with the Gaussia
ODF. The intraparticle model scatter produced relatively u
form residues indicating that it was a qualitatively go
model. In two dimensions@Fig. 6~c!#, we were unable to
distinguish differences between residue plots of ODFs of
same width, therefore residue analysis was limited to
interparticle scatter@Fig. 4~b!#.

At high concentration, small systematic disagreements
tween the best-fit models and the data are most visible in
residue plots in Figs. 4~b! and 6~c!, but each of the three
models and their respective ODFs are nearly indistingu
able. Except at low concentration, the best-fit model inten
ties obtained from the three distribution functions cannot
distinguished from one another both by analyzing resid
plots and by comparing minimumx2 values computed from
the fitting routine. At low concentration, the systematic d
agreements between the data and the fits are lost in the n
but disagreements in fits from different ODFs become v
ible. The best-fit model intensities from the Gaussian a
Onsager ODFs are indistinguishable, but the residues f

is

ks

FIG. 4. ~a! Angular intensity scan atqr50.0760.001 Å21 from
the three diffraction patterns shown in Fig. 1~a! with best-fit curves
calculated from the three trial ODFs. The solid fit line represents
fit of both the Gaussian and Onsager ODFs, the dotted line is th
of Oldenbourg’s ODF.~b! Residue (I data2I f it) plot. C is illustrated
in Fig. 1~a!.
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MEASURING THE NEMATIC ORDER OF SUSPENSIONS . . . PHYSICAL REVIEW E 67, 031708 ~2003!
the Oldenbourg ODF show disagreement, and the fits
systematically higher than the background scatter at h
angleC. The calculated Oldenbourg ODF also looks sign
cantly different from the calculated Gaussian and Onsa
ODFs. At the isotropic-nematic transition, thex2 values

FIG. 5. Orientational distribution functions calculated from t
interparticle angular intensity scan at constant radiusqr50.07
60.001 Å21 shown in Fig. 4~b!. Gaussian~thin solid line!, Olden-
bourg~dotted line!, and Onsager~thick solid line! ODFs are shown.
Order parameters shown are calculated from each ODF. From to
bottom, the concentrations of the samples are 93 mg/ml, 33 mg
and 15.5 mg/ml. The ionic strength of the samples is 10 mM
pH 8.2.

FIG. 6. ~a! Contour plots from Fig. 1~b! of scattering from nem-
atic fd samples due to intraparticle interference. Bottom scatter
15.5 mg/ml and top is at 93 mg/ml. Samples were at 10 mM io
strengthpH 8.2.~b! Simulated intraparticle scatter using a Gauss
ODF that best fit the intraparticle scatter shown in~a!. ~c! Residue
(I data2I f it)/I f it plot. Maximum residues in~c! are 610%. The
axes of the plots are labeled in inverse angstroms.
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computed from the Oldenbourg ODF were also consiste
higher. From these qualitative observations, we argue tha
distribution function used by Oldenbourget al. does not de-
scribe our diffraction data as well as the Gaussian or
Onsager distribution function at low concentrations. T
Gaussian and the Onsager orientational distribution functi
fit the diffraction data equally well.

Due to small differences in the trial orientational distrib
tion functions~as illustrated in Fig. 5!, best-fit ODFs vary
slightly in their width, and subsequently returned sligh
different order parameters; but the order parameters ca
lated from the best-fit Gaussian and Onsager ODFs wer
agreement with one another for a given sample within
experimental uncertainty ofDS/S,6%. Order parameters
calculated with the Oldenbourg ODF were in common agr
ment at high concentrations, where the model scatter ag
with the data. The nematic order parameter calculated
multiple qr across interparticle peak also remained relativ
constant,DS/S<4%. Since we cannot distinguish betwee
the Gaussian and the Onsager model scatter, the orde
rameters to be presented henceforth are an average o
values calculated from only the Gaussian and the Onsa
ODF, and the uncertainty on the values given are a com
nation of experimental error and uncertainty due to variat
in order parameters from two trial ODFs.

C. Concentration and ionic strength dependence of the
nematic order parameter

The concentration dependence of the nematic order
rameters was measured from both the interparticle and in
particle peaks and the resulting values are shown in Fig. 7
Fig. 8, the order parameter of the nematic phase in coex
ence with the isotropic phase is plotted for five differe
ionic strengths as a function of concentration. The coex
ence concentrations are an increasing function of io
strength. Our analysis shows that the order parameters ca
lated from the interparticle and intraparticle scatter are c
sistent with one another both as a function of concentra
and of ionic strength indicating that correlations in the int
particle peak do not visibly change measured nematic o
parameters. Figure 7~a! shows data obtained at an ion
strength of 10 mM and Fig. 7~b! shows data obtained at a
ionic strength of 110 mM andpH 8.2. With increasing con-
centration, the order parameter increases until it satur
nearS51, and at constant concentration, the nematic or
parameter decreases with increasing ionic strength. At
concentrations, the scattered intensity is spread over a l
area due to the broad orientational distribution functio
which leads to a large decrease in the signal to noise r
increasing the variation in the calculated order parameter
a maximum ofDS/S<10%. The solid line theoretical curve
shown in Fig. 7 were computed from a scaled-particle the
that includes semiflexibility in the orientational entropy a
electrostatic interactions by way of Onsager’s effective dia
eter. This calculation is outlined in detail in Appendix B. F
comparison, we also include as a dotted line the concen
tion dependence of the nematic order parameter from On
er’s theory for charged rigid rods at the second virial level
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PURDY et al. PHYSICAL REVIEW E 67, 031708 ~2003!
calculated by Lee@7#. Onsager’s rigid rod theory is only
valid at low concentrations near the isotropic-nematic tran
tion, for which the second virial approximation hold
whereas the scaled-particle theory that takes into acc
third and all higher virial coefficients in an approximate w
allows for a more adequate prediction of data at higher c
centrations. The Onsager ODF was used in calculating e
of these theoretical curves. The rigid rod theory does

FIG. 7. Concentration dependence of the nematic order par
eter.~a! is at 10 mM, and~b! is at 110 mM ionic strength andpH
8.2. Squares (j) are from the interparticle interference peak, a
open circles (s) are results from the intraparticle peak. The so
lines shown are for a scaled-particle theory for charged semiflex
rods described in Appendix B. Dotted lines are theoretical cur
for charged rigid rods in the Onsager model@7#.

FIG. 8. Concentration dependence of the order parameter o
nematic phase coexisting with the isotropic phase as determ
from the intraparticle peak~open circless) and the interparticle
peak~solid squaresj). Increasing coexistence concentration is d
to increasing ionic strength@8#. The solid line is a linear fit to the
combined sets of data and is presented as a guide to the eye.
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agree with our data indicating that though our rods are fa
rigid, flexibility significantly changes the concentration d
pendence of the nematic order parameter. However, our
sults qualitatively agree with the scaled particle theory at l
ionic strength, and quantitatively agree at high ionic streng
Deviation of the scaled particle theory from experimen
results at low ionic strength is most likely due to using t
effective diameter approximation to incorporate electrosta
interactions between the particles. This approximation is a
valid only at low concentrations, for which the second vir
approximation holds.

The order parameters calculated from the x-ray diffract
data were also compared to birefringence measurement
the whole range of concentrations and these results are
ted in Fig. 9. Birefringence was measured by the techni
described in Sec. II. We expectDn/c5SDnsat/c, whereDn
is the sample birefringence andDnsat is the birefringence of
perfectly aligned fd@30,33#. We observed that the x-ray orde
parameter measurements ofS were indeed linear with the
birefringence measurementsDn/c with a zero intercept.
From this relationship, the saturation birefringence per u
concentration was measured asDnsat/c53.831025

60.331025 ml/mg using data from samples at five differe
ionic strengths. Previously,Dnsat was measured by Torbe
et al. to beDnsat/c5631025 ml/mg. This value was calcu
lated by assumingS51 for solutions of fd at 16 mg/ml in 10
mM tris-HCl buffer atpH 7.5 in a 2–4 T magnetic field@30#.
At 16 mg/ml, we would expect the nematic order parame
to be S;0.75 notS51, which would push the previously
measuredDnsat to a higher value even further away from o
measured value. We have no explanation as to why the
viously published value is inconsistent with ours.

For long rods, Onsager predicts that the nematic or
parameter at coexistence remains constant, independe
ionic strength, but in Figs. 8 and 10, a weak dependenc
the order parameter with ionic strength is seen. In Fig.
the ionic strength dependence of the nematic order param
at coexistence is plotted as deduced from both x-ray diffr
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le
s

he
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FIG. 9. Comparison of measured birefringenceDn/c to the de-
duced x-ray order parameterS. Open shapes are from intrapartic
interference peak measurements. Closed shapes are from inte
ticle interference measurements. The equation of the fitted lin
Dn/c5(3.860.3)S2(0.1160.19), where Dn/c is in units of
1025 ml/mg.
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MEASURING THE NEMATIC ORDER OF SUSPENSIONS . . . PHYSICAL REVIEW E 67, 031708 ~2003!
tion and birefringence measurements. The change in io
strength from 5 mM to 110 mM corresponds to anL/Deff for
the rods changing from;40 to;85. As the effective aspec
ratio approaches the long rod limit,L/Deff.100, the coex-
istence order parameter decreases approaching the the
cally predicted value ofS50.55, as calculated by Chen fo
long semiflexible rods with a length to persistence len
ratio, L/p50.4 @11#. Even though the persistence length
fd virus is more than twice its contour length, and thus c
be considered fairly rigid, all of our coexisting samples ha
nematic order parameter significantly lower than the Onsa
prediction of S50.79 as measured by both diffraction an
birefringence.

To explain the ionic strength dependence of the order
rameter at the isotropic-nematic transition, we turn to el
trostatic interactions. Stroobantset al. have shown theoreti
cally that there is an additional electrostatic twisting fac
that acts to misalign adjacent particles and decrease the
atic order parameter at coexistence@48#. This effect scales as
h5k21/Deff , wherek21 is the Debye screening length. Th
effect ofh on the coexistence concentrations of the system
predicted to be small@8,48# as the nematic order parameter
predicted to increase 2.4% when decreasing ionic stren
from 110 mM to 5 mM, whereas we measure an increas
about 15%. Decreasing the ionic strength of the solution
also predicted to increase the nematic order parameter b
way of increasing the electrostatic persistence length@49#.
However, this effect is also predicted to be small as the
fective electrostatic persistence length of fd (2.203mm at 10
mM ionic strength! is less than 1% larger than the bare p
sistence length (2.2mm). Nevertheless, the observed tre
of increasing order parameter with decreasing ionic stren
suggests that electrostatics is significantly affecting the n
atic order parameter. It is also important to note that be
about 10 mM, the concentration of the virus may begin
have an effect on the ionic strength of the solution, in wh

FIG. 10. Ionic strength dependence of the order parameter o
nematic phase coexisting with the isotropic phase as calculate
x-ray diffraction measurements~solid squaresj) and birefringence
measurements~open trianglesn). X-ray points are an average o
coexistence order parameters measured from interparticle and
particle scatter at the same ionic strength. The solid line shows
order parameter predicted by scaled particle theory for char
semiflexible rods as in Fig. 7.
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the concentration of the virus counterions may act to incre
the ionic strength. Overall, we expect and observe be
agreement with the theoretical predictions for the nema
order parameter at high ionic strength.

VI. CONCLUSIONS

To summarize, we have observed, as predicted by Ham
@47#, that the method of using x-ray diffraction to calcula
the orientational distribution function is insensitive to th
details of the form of distribution function used. Neverth
less, we were able to rule out the function used by Old
bourg et al. @20# because we could qualitatively see th
models created using this function did not fit the data equ
well at low concentration and at high angleC from the equa-
tor on the detector. The Onsager and Gaussian trial ang
distribution functions fit the angular distribution of both th
intraparticle and interparticle diffraction peaks equally w
and returned similar values for the nematic order parame
The concentration dependence of the nematic order par
eter at high ionic strength, or largeL/Deff , as determined
from both the interparticle and intraparticle scatter agr
with that predicted by a scaled particle theory of charg
semiflexible rods. At low ionic strength, theoretical pred
tions qualitatively reproduce the concentration depende
of the order parameter. A similar agreement of the conc
tration dependence of nematic ordering to Onsager’s the
has been measured for other semiflexible molecu
@14,17,23#. This similarity demonstrates the universality
Onsager’s theory and its applicability to charged semiflexi
systems.

The nematic order parameters derived from both interp
ticle and intraparticle scatter return similar results, implyi
that it is sufficient to use the easier, one-dimensional anal
of the interparticle interference peak to calculate nematic
der parameters as has been done for many years for the
tropic liquid crystals. It has also been shown that the re
tionship between the birefringence and the nematic or
parameter as calculated by x-ray diffraction is linear. Fro
this relationship, the saturation birefringence of fd was c
culated. Subsequently, the order parameter can also be
tained simply by measuring the birefringence of a sample
nematic fd and rescaling it by the saturation birefringen
We note that the birefringence measurements were less
producible than diffraction measurements as can be obse
by the large variance in the data points throughout the en
range of data shown in Fig. 9.

The spatial ordering of nematic fd was also explored. T
structure factor had a single large peak and a much dim
ished second peak in contrast to experiments with TMV
rigid rod @43#.

At high ionic strength, or large effective aspect ratio, w
observed that the order parameter of the nematic phase
existing with the isotropic phase wasS;0.6, close to the
theoretically predicted value for semiflexible rods and s
nificantly lower than the theoretical value ofS50.79 for
rigid rods. With decreasing ionic strength, however, a we
systematic increase in the nematic coexistence order pa
eter was found. This is consistent with both a decrease in
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FIG. 11. ~a! Schematic of the Fourier space of a single rod tilted at a slight angle.~b! Schematic showing how the intensity along th
center of the layer lines decreases asqr when there is a small amount of angular disorder. Three rod axes~vertical! are labeled 1,2,3 along
with their corresponding contribution to layer lines 0,1,2~horizontal! as shown.~c! Schematic showing the effect of the thickness of the fo
factor disks on the scatter with changingv. The right hand image in~c! is an enlargement of the equatorial intersection of the Ewald sp
and I s .
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twist parameterk21/Deff and an increase in the electrosta
persistence length, though these effects are predicted t
seven times smaller than observed. In order to fully und
stand the interactions that are producing the nematic ph
diagrams, particularly at lower ionic strength, whereL/Deff
is small, new theories and simulations need to be develo
which include a more complete picture of the complica
electrostatic interactions.
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APPENDIX A: X-RAY DIFFRACTION
ANGULAR ANALYSIS

If we assume that we are at sufficiently high scatter
angle, where intensity variations due to interparticle inter
tions are negligible, thenS(qr ,qz)51, and we can measur
the orientational distribution function from intraparticle in
terference by comparing it to a simulated scatter crea
from the evaluation of Eq.~3!. To evaluate Eq.~3!, a three-
dimensional model for the single rod form factorI s(qr ,qz)
was developed.

A long rod Fourier transform as a disk of thickness 2p/L
oriented perpendicular to the long axis of the rod@50#. Due
to the helical periodic structure along the long axis of fd, t
Fourier transform of a single fd consists of a series of di
separated by a distance proportional to the reciprocal of
period @51#. This is shown schematically in Fig. 11~a!. The
radial intensity along these disks is a summation of Bes
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functions whose exact form depends on the structure of
rod. When projected onto a screen, these disks are visibl
layer lines. The images shown in Fig. 6~b! show the zeroth
and6 first layer lines. For our model, the radial intensiti
of the disks were approximated by the scattered intens
along the middle of the zeroth and6 first layer linesI m of
our most aligned nematic sample times the radiusqr at
which that intensity is located and the widtha of the Gauss-
ian ODF,

I s5I mA2paqr . ~A1!

A2paqr is the disorientation correction term. For a sm
amount of disorientation of rods, the radial intensity d
creases as 1/qr . The effect of the disorientation is illustrate
in Fig. 11~b!. This approximation method was developed
Holmes and Leigh, and is valid when the sample from wh
I m is taken was well aligned@41#. The nematic order param
eter of our most aligned sample wasS50.96 as measured
from the interparticle interference peak.

In order to model diffraction from a nematic phase of f
this single-particle scattered intensity is multiplied by a t
ODF and integrated over all possible angles of orientation
in Eq. ~3!. The intersection of the resulting three-dimension
nematic form factor and the Ewald sphere is then ‘‘pr
jected’’ onto a two-dimensional ‘‘screen’’ and a final two
dimensional image is created, as shown in Fig. 11~a!. The
shell thickness of the Ewald sphere was chosen to be equ
the energy uncertainty of the experimental beamDE/E55
6131024. The ‘‘screen’’ image is then convolved with th
Gaussian point spread function of the experimental x-
beam on the CCD camera which was approximated
exp@2r 2/2s2# with s50.0063 Å21, which is slightly larger
~6 pixels at 0.00105 Å21/pixel! than the photon sprea
quoted by the CCD camera manufacturers~4 pixels!. A series
of two-dimensional images were made for different orien
tional distribution functions with different amounts of diso
der, examples can be seen in Fig. 6~b!. All collected data
8-10
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MEASURING THE NEMATIC ORDER OF SUSPENSIONS . . . PHYSICAL REVIEW E 67, 031708 ~2003!
within the range ofqr50.19–0.33 Å21 is fitted to these
simulated images to find the ODF that minimized a co
puted x-squared value shown in Eq.~9!. This q range en-
compassed the innermost peak on each of the three l
lines visible in the intraparticle interference scatter.

To measure the orientational distribution function fro
the interparticle peak, the method of Oldenbourget al. was
used. Since we measure the angular spread of only
diffraction peak, Eq.~3! simplifies to a one dimensional in
tegral at constantqr :

I ~C!5E F~u!I s~v!sinv dv, ~A2!

whereI (C) is the angular intensity distribution along an a
drawn at a constant radius,C is measured from the equato
on the detector film,F(u) is the angular distribution func
tion of the rods, andv is the angle between the rod and t
incoming beam. C, u, and v are related by cosu
5cosC sinv. Even though it was originally used for analy
ing intraparticle scatter, this equation is identical to that u
for analyzing thermotropic interparticle scatter, except t
Oldenbourg’s method includes a term that accounts for
length of the rod by defining the single rod scattering
I s(v)51/sinv for smallu, wherev is the angle between th
rod axis and the x-ray beam as illustrated in Fig. 11~c!. This
1/sinv proportionality comes from the understanding th
the Fourier transform of a rod of finite length is a ring with
finite thickness, and asv decreases, 1/sinv increases and
more of the disk intersects the Ewald sphere and is su
quently projected onto the detector screen.

Analysis done on interparticle interference from therm
tropic liquid crystals typically definesI s(v)51 @21,22,42#.
It has been previously shown through calculations that
glecting the angular width when calculating the order para
eter from interparticle interference scatter results in inac
rate values for the nematic order parameter forS.0.8 @21#.
However, in our analysis, we observed that changingI s from
1/sinv to 1 in the interparticle interference scatter analy
did not have a significant effect on the calculated value of
nematic order parameter, nor did thex2 values reveal any
information as to whichI s better describes the data. W
chose to include the effect of rod length in our interparti
scatter analysis to be consistent with our intraparticle sca
analysis, which requires a knowledge of the rod length.

APPENDIX B: SCALED PARTICLE THEORY

To compare the experimental results for the order par
eter to the theory, we use the scaled particle expression
free energy of hard rods as was developed by Cotter
co-workers @52,53#. The main advantage of the scale
particle theory is that it takes into account third and
higher virial coefficients in an approximate way and the
fore should be more adequate at describing data at con
trations above the coexistence concentrations. This the
leads to a very good agreement with simulation results
the isotropic-nematic coexistence@54#. We also note that the
expression for the free energy@Eq. ~B1!# reduces to Onsag
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er’s second virial approximation for very long rods (L/D
→`). The free energy derived by Cotter is

F~d,f,a!

NkbT
5 ln~f!1 ln~12f!1s„F~a!…

1P2~d,a!
f

12f
1

1

2
P3~d,a!S f

12f D 2

,

~B1!

wheref is the volume fraction of rods

f5
Nrods

V S p

6
D31

p

4
D2L D . ~B2!

The coefficientsP2 andP3 are given by the following ex-
pressions:

P2~d,a!531
3~d21!2

~3d21!
j„F~a!…, ~B3!

P3~d,a!5
12d~2d21!

~3d21!2
1

12d~d21!2

~3d21!2
j„F~a!…, ~B4!

and parameterd is the overall length over diameter ratio o
the spherocylinder given byd5(L1D)/D. The functions
j(a) is the excluded volume interaction between two rods
derived by Onsager,

j~a!5
2I 2~2a!

sinh2~a!
, ~B5!

where I 2 is a second-order Bessel function. The express
that accounts for the rotational entropy of the rods and
entropy associated with the loss of configurations due to c
finement of the bending modes of the semiflexible rods in
nematic phase has been derived by extrapolating betwee
hard rod and the flexible chain limits@2,55,56#. In this paper,
the expression obtained by DuPre´ is used for numerical cal-
culations

sS a,
L

pD5 ln~a!211pe2a1
L

6p
~a21!

1
5

12
lnXcoshS L

p

a21

5 D C. ~B6!

After the expression for the free energy is obtained,
use Onsager approximation for the orientational distribut
function F(a) @Eq. ~6!# and minimize the scaled particl
free energy in Eq.~B1! with respect to the parametera to
find the order parameter of the nematic phase at different
concentrations. To find out the concentrations of rods in
coexisting isotropic and nematic phases, we solve the co
tions for the equality of the osmotic pressure and chem
potential.

To take into account the fact the rods are charged, inst
of using the hard core diameterD in our calculations, we use
8-11
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an effective diameterDeff @8#. Strictly speaking, this rescal
ing procedure byDeff is valid only for densities at which the
system is described by the second virial approximati
therefore, our theoretical prediction has an uncontrolled
proximation. Despite this fact, the agreement between
e

le

l-

oc

se

,

.C

p

R

ys

er

03170
,
p-
e

theory and the experiments is quite satisfactory. It is wo
mentioning that there have been recent efforts to extend
validity of the scaled-particle theory to include repulsive i
teractions, however, this theory was not included in our c
culations@57,58#.
,
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ys.
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